The one-dimensional p-wave topological superconductor model with open-boundary conditions is examined in its topological phase. Using the eigenbasis of the non-interacting system I show that, provided the interactions are local and do not result in a closing of the gap, then even and odd parity sectors are unitarily equivalent. Following on from this, it is possible to define two many-body operators that connect each state in one sector with a degenerate counterpart in the sector with opposite parity. This result applies to all states in the system and therefore establishes, for a long enough wire, that all even-odd eigenpairs remain essentially degenerate in the presence of local interactions. Building on this observation I then set out a full definition of the related many-body Majorana operators and point out that their structure cannot be fully revealed using cross-correlation data obtained from the ground state manifold alone. Although all results are formulated in the context of the 1-dimensional p-wave model, I also show why they will also apply to more realistic realisations (e.g. the multichannel p-wave wire and proximity coupled models) of topological superconductivity.
The one-dimensional p-wave topological superconductor model with open-boundary conditions is examined in its topological phase. Using the eigenbasis of the non-interacting system I show that, provided the interactions are local and do not result in a closing of the gap, then even and odd parity sectors are unitarily equivalent. Following on from this, it is possible to define two many-body operators that connect each state in one sector with a degenerate counterpart in the sector with opposite parity. This result applies to all states in the system and therefore establishes, for a long enough wire, that all even-odd eigenpairs remain essentially degenerate in the presence of local interactions. Building on this observation I then set out a full definition of the related many-body Majorana operators and point out that their structure cannot be fully revealed using cross-correlation data obtained from the ground state manifold alone. Although all results are formulated in the context of the 1-dimensional p-wave model, I also show why they will also apply to more realistic realisations (e.g. the multichannel p-wave wire and proximity coupled models) of topological superconductivity. Since the realisation that topological superconductors can support Majorana bound states, 1,2 significant advances have been made towards generating the necessary effective pwave symmetry. There are now a large number of candidate systems in which these Majorana states could potentially be observed, [3] [4] [5] the most well-known being those based on proximity-coupled semiconductor nano-wires. 6, 7 In these nano-wire systems, observations of anomalous zero-bias conductances are a strong experimental indication of the Majorana modes, [8] [9] [10] although they are not yet fully conclusive. [11] [12] [13] [14] [15] [16] Recently, approaches using magnetic molecules, whose bound states can be resolved both energetically and spatially, have also attracted considerable interest, see e.g. Ref. 17 and references within. Much of the excitement surrounding topological superconductors comes from the knowledge that with each each pair of Majorana zeromodes one can associate an effective ground-state degeneracy, within which it should be possible to manipulate quantum information robustly using non-local braiding operations. [18] [19] [20] A topological ground-state degeneracy is a key signature of what is known as strong topological-order. 21 Although now it forms one element of a growing literature on interacting topological signatures, see for example Refs. 22-27, its enduring usefulness stems from its direct applicability to both free-fermion and interacting many-body systems. An interesting feature of the degeneracy associated with localised zeroenergy Majorana excitations is that they are formulated using solvable quadratic Hamiltonians and therefore their existence implies that every eigenstate of the system, and not just the groundstate, has an eigen-partner of opposite parity at the same energy. While by definition a ground-state topological degeneracy should be robust against local perturbations, this paper explores to what extent this universal even-odd degeneracy still exists when one also relaxes the mean-field criteria and studies the effects of density-density interactions explicitly. I show that in the topological phase of an infinite open wire, provided the interactions are local and do not result in a closing of the gap, even and odd parity sectors of the pwave Hamiltonian are unitarily equivalent. As a direct consequence, one can infer the existence many-body Majorana operators that map each state in the even/odd sector to its degenerate counterpart in the opposite sector.
The nature of the Majorana states has been addressed previously in the context of single interacting wires using bosonization [28] [29] [30] [31] [32] [33] and additional numerical approaches related to the Density Matrix Renormalization Group. 29, 34 Identical microscopic models also arise in the context of nano-wire bridges on superconducting islands. 35 Recently the robust nature of the Majorana degneracy to hopping disorder was contrasted to the general instability of zero-modes in wider parafermionic family of 1d models. 36 Additional contributions to this general area also include examining the occurrence of zero-modes in interacting Hamiltonians with odd numbers of Majorana particles. [37] [38] [39] This work presented here compliments the aforementioned approaches by establishing that the Majorana degeneracy applies to all eigenstates of the interacting model and thus allows the straightforward definition of many-body Majorana operators that are well defined quasiparticle excitation of the interacting system. Moreover, the general arguments presented here do not rely on the assumption of an odd number of participating Majorana modes, a condition which necessarily implies the existence elsewhere of a non-participating/unpaired Majorana mode. This paper examines the combined Hamiltonian
where H 0 is the 1D p-wave superconducting model 2 and H I is an electron-electron interacting term. The bare tight-binding Hamiltonian for a single wire is given by
For hard-wall boundary conditions one finds that
where C is a normalisation factor,x = N x − x, and
The Majorana wave functions in this case are therefore oscillating functions inside a exponentially decaying envelope. The correlation length is given by ξ = t/∆.
Of course these exact expressions for Majorana wavefunctions are only strictly true in the infinite smooth wire. Although the precise local character of the wave functions may change if we introduce for example disorder, we will still have well defined zero-modes provided that the functions u L and u R decay exponentially. In what follows we will find it useful to distinguish between coordinates at the left of the system x L and coordinates on the right of the system x R . What actually constitutes the left and right (or middle) is determined by the coherence length ξ and the length N x but by allowing ourselves the freedom to increase the wire length we can always assume that u R (x L ) = u L (x R ) = 0. In terms of the (now real) matrices U and V , because
we have
Before addressing the interactions directly we need to address briefly our book-keeping of bulk excitations of the system. Although expressions for these excitations are also possible to write down, they can be complicated and knowing their precise form is not necessary for what we want to show. What is important is that that all eigenstates of the H 0 system can be written in terms of these β † n operators acting on the ground state. For an 8 site system in Fock space we would have for example | 10000000 = β † 1 | 00000000 where
is the ground state for some normalisation factor N and | ref is a reference state, often chosen to be the vacuum of the cfermions defined above i.e. c x | ref = 0 for all sites x.
In the case that β † 1 is a zero mode (E 1 = 0), any two states
will have the same energy. For the two such lowest energy states in the system the first index also indicates the parity, although this is not always the case. For example the state | 11000000 has even fermion parity but has the zero energy mode occupied. It will therefore be important to distinguish between eigenstates in two different ways. In the first we simply denote | n e for total even occupied states and | n o for its counterpart in the odd sector with the opposite occupancy on the zero energy mode. In what follows however it will also be helpful to indicate the occupation of the zero mode explicitly and define | n 0 as the states with the mode empty and | n 1 as states with the mode occupied. A useful sub-division of this latter labelling is one which defines the total number of fermionic occupations N , not including the zero mode β † 1 β 1 and a sub-label j denoting the we relate these two labelling schemes:
Now we are in a position to show that the weak interaction term (i.e. as long as it does not close the gap and trigger a quantum phase transition to a non-topological phase) does not destroy the unitary equivalence between even and odd sectors. Let us first expand H I in the eigenbasis of H 0 . Substituting (4) into (3) we get
Although it is a technical exercise in indexing and sign counting, it is a computationally simple task to calculate any matrix element n |H I | m of this interacting term, see the appendix for more details. An important observation regarding terms of H I , and indeed any parity preserving operator this H 0 eigenbasis, is that for each term that applies to one parity sector there is counterpart in the other sector which we can obtain by switching occurences of β 1 with coefficient U x,1 or V x,1 with the β † 1 occurring in the same product in the expansion but with swapped and negated coefficients −V x,1 or −U x,1 .
The argument for parity equivalence in the topological phase now follows directly. We focus on powers of H and show that in the topological phase, matrix elements between states within the same band are the same as those between the corresponding states in the opposite sector:
for all powers s up to the order of the length of the system N x . We then argue that a perturbative expansion of energies, which contains these elements in the numerators, is convergent for a finite range of perturbing parameters and therefore that for a long enough wire both even and odd sector Hamiltonians are spectrally equivalent. The reason (14) is true is that while H s (e) and H s (o) are not generally equal, they only differ in those matrix elements which are connected by terms containing a single unpaired β † 1 or β 1 . These terms (denoted D) carry coefficients ( either U x,1 or V x,1 depending on where in the expansion they occured) which factor into left ± right superpositions
and are therefore generally not equivalent under the parity swap. However, these terms can only connect states with a different zero-mode occupation p and are therefore never relevant for (14) For all terms that do connect states with the same parity and band index we see that either (I) β 1 and β † 1 do not occur, or that (II) they both occur. For the case (I) where neither occur we see that for every contributing non-zero term in one sector there is an identical term with exactly the same coefficient in the other sector. For case (II) where both β 1 and β † 1 occur in order to calculate the corresponding term in the opposite sector we must parity swap pairs of coefficients (e.g. U xa,1 V x b ,1 ↔ V xa,1 U x b ,1 ) and therefore by (11) they are equivalent provided x a and x b occur near each other.
Let us now turn to our perturbation analysis. This local restriction on x a and x b requires not only that H I is local but also that H s I is local. For a finite system this limits the order at which the perturbation expansions of even and odd sectors remain equivalent. This is not a problem however as we can make our idealised wire as long as we wish. A more serious issue in this regard is the convergence of the perturbative series. For the groundstates | 0 e and | 0 o there are no problems and one finds the expected situation where the two states remain degenerate to an order of perturbation theory that is proportional to the system length N x . However, technical problems do arise when performing perturbative expansions of higher energy states which form part of the bulk. In this case, it becomes possible for divergences to occur when intermediate states in the expansion have energies that are close to the energy of the state we are considering.
To get around this problem we note that the special noninteracting parameters t = ∆ and µ = 0 (see Ref
Since the general observation regarding matrix elements in the topological phase is also true at the special point we see that to order s = N x in any degenerate expansion, the matrix elements 0 j, N |H s T | k, N 0 and 1 j, N |H s T | k, N 1 remain the same. As we are free to make the wire as long we like we can therefore say that, provided the perturbation expansion converges, then there exists a unitary matrix A such that
This is the main result of this work. Although it is formulated specifically for the spinless p-wave model, it also applies to quasi-1-dimensional variants of the p-wave model and to models that obtain the p-wave symmetry through effective means (e.g. using combinations of Zeeman-splitting and spinorbit and proximity coupling). The reason for this is that, regardless of the precise underlying mechanism, the mean-free descriptions of the associated topological phases contain Majorana bound states with the same particle-hole structure as (9) , but where the x-index now represents additional position and internal indices. Therefore, provided the interacting term only connects local position indices, the remainder of the argument has to follow through in the same way.
An interesting special case of the above result is the halfinteracting wire. From (15) we see that we can factor the even and odd parity sub-Hamiltonians as
where E is the diagonal matrix containing all the original noninteracting energies E n and S represents interacting terms that are the same in both even and odd sectors. In this basis we see that if interactions appear only in the left of the system, and not in the right of the wire, then H (e) = H (o) .
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Implications for the Majorana mode structure: For the noninteracting system, because we can move anti-symmetric considerations onto other quasi-particle operators β † n and β n , we can define
The unitary equivalence of the even and odd sectors means that we can proceed in a similar way when we allow H I to be non-zero. In principle we would like to writē
where |n 0 = | {0,n} and |n 1 = | {1,n} and the integersn, although they can no longer be related to the binary numbers indicating the occupancy of the other non-zero excitations in the non-interacting system, still count the remaining degrees of freedom in the model. However, in a practical calculation we would have obtained the eigenvectors |n e and |n e as opposed to |n 0 and |n 1 . As I mentioned above, it is only in the case of extremum energy states that the occupancy of the zero-mode is reliably inferred from the total parity. In addition to this we must also realise that in any numerical calculation the wave-functions will be returned with some arbitrary phase. To solve this problem we can fix the relative phases of the even-odd wavefunctions using our barenon interacting Majorana modes. For our situation with real coefficients only we calculate s
n |n e o n |.
We see that these operators behave as Majorana's should :
The fact that the many-body Majorana operators are well defined quasi-particle excitations has some interesting consequences when probing their structure using data obtained from the ground states of DMRG/MPS based variational techniques. 29 In this approach one first calculates both of the systems groundstates and then probes the cross correlators 1 0 |O|0 0 . However it is clear from (22) the manybody Majorana operators inherit their structure from all eigenstates of the system and that position space structure of saȳ γ R could be very different from the single contributing term |0 o e 0 | + |0 e o 0 |. Therefore simply probing the ground state cross-correlators would not provide the full picture of the Majorana quasi-particle as we have come to understand it. This is in contrast to the linear Majorana operators obtained in the non-interacting limit, which can be defined using crosscorrelators of any single even-odd pair of eigenstates. There, when one examines the non-interacting states 1 0 |O x | 0 0 with e.g. O x = c † x + c x one picks up the function u R (x) exactly. In the interacting case the correlator 1 0 |O x |0 0 , while containing contributions from the linear terms, will also contain non-zero contributions from higher-order multinomials in the many-body Majorana expansion. 42 In this paper I have argued that in the topological phase, even and odd parity-sectors remain equivalent despite the potential presence of local density-density interaction terms. From this observation it follows that there are particle-hole symmetric many-body operators which connect states of even and odd parity at the same energy. The arguments given here, apply to all states of the system and therefore imply that the many-body Majorana modes are true infinite-lifetime quasiparticles that are valid for the full Hilbert space. They therefore behave in much the same way as the linear Majorana operators of the non-interacting system. Although formulated for the 1-dimensional spinless p-wave system, the arguments can be modified to any model supporting single pairs of localised zero-modes with the same general particle-hole structure.
In terms of U and V matrices we may write :
The general form of the interaction term can be written as
where we use the standard conventionν x1x2x3x4 = ν x1x2x3x4 − ν x1x2x4x3 . Using the eigenbasis of the original Hamilton we expand out the terms in the interaction term as
In the case of the p-wave wire in the main text we set ν x1x2x3x4 = I int (x 1 , x 2 )δ x1,x3 δ x2,x4 with x 2 = x 1 . Expanding out the the full Hamiltonian H = H 0 + H int we have
where if we set
we can write
and
A critical feature of the main text is that we distinguish between terms in H s that 1. don't include either β † 1 or β 1 (we call these terms S)
2. do include either β † 1 or β 1 (we denote these terms D )
3. do include both β † 1 and β 1 in equal number (we call these B)
Crucial to this line of reasoning will be the observation that, in Eq. (13), for every occurrence of β † 1 with coefficient U x1,1 (or V x1,1 ) there is a parity swapped occurrence of β 1 with coefficient V x1,1 (or U x1,1 ) coming from the same term in the expansion. Furthermore, this parity swapped contribution must act in the opposite parity sector. For those terms S that do not contain either β † 1 or β 1 it is a trivial task to show that matrix elements are the same in each sector. For those terms D that contain either β † 1 or β 1 , using (9) we see that matrix elements can be sub-divided into contributions from the left and right of the wire
where D e is the same as D o but with the swap β 1 ↔ β † 1 and corresponding coefficient swap U x,1 ↔ V x,1 at the same value of x. However, while these terms are different in even and odd sectors, it is clear that they cannot connect states that share both the same band (N ) and parity (p) index, i.e. if | n = | j, N , | m = | k, N and p denotes the occupation of the zero mode (0 or 1) then
For the terms B where both β † 1 and β 1 occur we see that we can only connect matrix elements of the same band.
The essential question is then in what scenario does B Now this is where the localised nature of the Majorana modes and the Hamiltonian comes into play. If H I is a local such that |x 1 − x 2 | < l for some finite length l , then H s l will only will have non-zero elements between between sites within a distance sl). Considering then elements n |H s | m we see clearly that as long as s is not comparable to the system size N x , then the x-indices of the coefficients occurring in the expansion of H s I cannot occur at opposite sides of the system. (i.e.
. In this case, because of relations (9) of the main text, one always has equality between coefficient pairs (e.g.
.... ) and their parity swapped counterparts (e.g.
. This implies that for matrix elements between states within the same band, every contribution in the even sector has an equal counterpart in the odd sector.
Appendix B: Numerical results Figure 1 shows the difference in energy between all parity eigenpairs at different lengths. The key feature to notice is that the energy difference between all eigenstates decays exponentially with the system length. This corroborates the main claim of this paper, albeit with very small system sizes.
Appendix C: The half-interacting wire
In the eigen-basis of the non-interacting system the noninteracting Hamiltonian is diagonal
where, if there are zero modes the diagonal matrices E (e) = E (o) . The zero-mode operators in this basis are defined as
which as matrices take the form
where the sub matrices N e/o are diagonal with elements 1 or 0 depending on the occupation of the n 1 zero mode in that sector. For example in this notation N e has a 1 on the diagonal if the n 1 = 1 in | {n 1 , n 2 , ...} e . In the diagonal basis we have N e = I − N o and we could for example write
In this case then the Majorana operators are
where the diagonal operator F = I − 2N e = −I + 2N o . Both operators γ R and γ L take an eigenstate in one sector, (which in this basis are column vectors with one element 1 and all others 0 : i.e. | n = [0000...1...0000] T ), to the corresponding parity swapped state in the other sector. With our convention γ R does not introduce a phase shift or change of sign. On the other hand γ L , upon swapping the state to the other sector, introduces a ±i phase shift.
In the main text we point out that for the interacting system, when the bare system has well-seperated Majorana zeromodes, the sub-matrices of H I that do not connect basis elements differing in the occupation of n 1 , (i.e. represent terms in the expansion of H I that contain β † 1 or β 1 ) are the same for even and odd sectors and we can denote them as S. For terms that do contain β † 1 or β 1 we can decompose them into the left and right contributions:
and see that generally e n |H int | m e = o n |H int | m o . The full structure of the even and odd parity sub-Hamiltonians can thus be written as
where E is the diagonal matrix containing all the original noninteracting energies E n and we again note that the interaction parameter I is contained within S and D matrices. From here it is easy to see that if interactions appear only in the bulk and left of the system, not in the right of the wire, then H (e) = H (o) . With some trivial changes of sign conventions we can make an identical argument for the system when the left side of the wire is non-interacting and the bulk and the right-hand side is interacting.
It is interesting to see how the above position dependent interaction terms will affect the structure of the Majorana modes in the non-interacting eigenbasis. Intuitively we know what should happen: since the interactions have no effect on the RHS of the system we expect that the γ R should remain the same while γ L should change.
Lets formulate how this happens. As H e = H o then we know that in this basis the new eigenstates will look the same in the even or odd sectors. More precisely if| n are the new eigenstates of the system, then each e m|n e will have a counterpart o m|n o with the same value in the other sector. Hence the operator γ R which is the original (non-interacting) righthand-side Majorana, will continue to map between even-odd eigenstates of the interacting Hamiltonian. 
On the other hand, although the sum (β † 1 + β 1 ) is invariant under this position dependent interacting term, the individual operators β 1 , β † 1 and thus γ L are not. We can formulate this asβ
where M is a symmetric matrix . It immediately follows that in the non-interacting eigenbasis
From the Majorana condition γ 2 L = I we immediately see that R 2 = I and thus that M 2 = M . Since M is symmetric and idempotent it is by definition an orthogonal projector. In the non-interacting limit we see that A = F and we retain our original expressions (C5) for γ L and γ R .
Using the expressions forβ † 1 andβ 1 we can calculate the density operatorρ
where we have used the fact that M 2 = M . In the noninteracting limit ( wheren = n ) M is diagonal with a 1 or a 0 depending on whether the states | n e have the fermionic mode occupied or empty. We see then, that in this limit, M = N e .
One of the compelling features of the half-interacting wire is that it allows us to see simply why the local nature of the interactions are essential for preserving the full topological degeneracy. It is tempting to try to construct a general argument inferring the existence of the Majorana in the interacting region from the fact that our Majorana on the RHS is the same as before. The technical problem with this argument is that even if we allow arbitrarily high interaction strengths on the LHS , we cannot not destroy this precise H (e) = H (o) simply because the left-hand side Majorana mode can always shift position and decay into the bulk of the non-interacting region.
